DISCRETE CORES OF TYPE III FREE PRODUCT FACTORS 



YOSHIMICHI UEDA 



Abstract. We give a general description of the discrete decompositions of type III factors 
^ ^ arising as central summands of free product von Neumann algebras based on our previous 

, works, which provides an alternative and natural route to the question that Dykema seriously 

■ investigated in the mid 90s. 



1. Introduction 

The purpose of the present short notes is to give one simple description of the discrete 
decompositions of type III factors arising as central summands of free product von Neumann 
algebras based on our previous works [14], [15]. The description provides an alternative (and 
even more natural) route toward the question that Dykema seriously investigated in [2], with 
avoiding some difficult points there, and moreover enables us to strengthen his theorem there. 
Especially, we will be able to determine the discrete cores of those type III factors when initially 
given von Neumann algebras are hyperfinite but given states on them are assumed only to be 
almost periodic. Remark here that the almost periodicity of given states is necessary to admit 
discrete decomposition due to [15, Corollary 3.1]. Although the description given in these notes 
is an observation naturally arising from our previous works mentioned above, the consequences 
certainly have some potential in future applications of free product von Neumann algebras. 

The present work is obviously a continuation of our previous works [14], [15], and thus we 
follow the notational rule there. We derive two explicit consequences by utilizing [8] and [3], 
and those consequences heavily depend on those papers, respectively. 

2. Results 

Throughout this section, assume that M\ , M 2 are non-trivial ct- finite von Neumann algebras 
with (dim(Mi), dim(A/2)) ^ (2,2) and ipi,tp2 are faithful normal states on them, respectively. 
Let us first summarize the consequences of [14, Theorem 4.1]. The resulting free product 
(M, <p) = (Mi,(p) -k (M2,(fi2) has the following structure: M = Md © M c , where Ma is a 
multimatrix algebra (that can be described explicitly) and M c a factor of type Hi or IIIa 
(A ^ 0) such that T(M C ) = {t e R | erf 1 = id = of 2 } and M' c n = C. In particular, M c is of 
type Hi if and only if both ip^s are tracial. When the multimatrix algebra part is appeared, 
the theorem (with its proof) implicitly says the following: there are a unique in S {1,2} and 
a unique non-zero projection p G Z(M io ) so that M io p — Cp, 1^ < p (in M), and hence M c 
is stably isomorphic to p^-Mp 1 - with p- 1 := 1 — p. Here Dykema's observation (see e.g. [14, 
Lemma 2.1]) shows that the pair (p Mp , 6(f Ip-t-Mv- 1 -) with i5 := ^(jr 1 ) -1 becomes either 

(Mip ± ,5<pi\ Mlp x)*(p L Np ± ,5<p\ p x Np x) or (p ± Np ± ,Sip\ p ± Np ±)-k(M 2 p ± ,5f 1 \ M2p ±), (1) 
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where the pair (N, <p\n) is 

(Cp®Cp ± ,<p 1 \ Cp(BCp ±)*{M 2 ,<p 2 ) or {M 1 , l p 1 )*(Cp®Cp ± ,cp 2 \ Cp(BCp ±), ( 2 ) 

respectively. Consequently, the diffuse factor part M c is again a free product von Neumann 
algebra up to stable isomorphism. Hence analysis on M c comes down to that on some free 
product factor with care of the descriptions Eq.(l) and Eq.(2). This fact was not explicitly 
given in [14]. 

In what follows, assume further that both the Mj's have separable preduals and that the 
diffuse factor part M c is of type III, that is, at least one of the ipi's is not tracial as explained 
above. The following facts were established in [15, Theorem 2.1, Corollary 3.1]: The diffuse 
factor part M c possesses an almost periodic state if and only if both the tfii's are almost periodic. 
When this is the case, the restriction <p c := tp \m c becomes almost periodic and ((M c ) Vc )'nM c u = 
C; in particular, ip c is 'extremal', which means that its centralizer becomes an irreducible 
subfactor of M c . Hence, if the full type III factor M c admits discrete decomposition in the 
sense of Connes [1], then the decomposition is described as follows. In the case, both the 
given LfiS must be almost periodic, and Connes's Sd-invariant Y := Sd(M c ) of M c becomes 
the multiplicative subgroup of algebraically generated by the point spectra of the modular 
operators A Vi 's. Denote by /3 the embedding of T to R+ and equip T with the discrete topology. 
By group duality one gets a continuous group homomorphism /3 : R — > G := T with dense range 
so that (7, (3(t)) = -yv~^* for 7 G T and t £ R, which gives the continuous group homomorphism 
g G G 1— > cr^ r into the automorphism group of M or Mi with ip := ip or tp il respectively, so 

that C7g'^ = af for every i e 1. Since /3(R) is dense in G, ip o af' r = ip holds for every 

g G G and each <rp r fixes any element of the center. See e.g. [1, Proposition 1.1]. The discrete 
decomposition is 

M c ~(M c v,rC)^r (3) 

with 8 :— a v ' T , the dual action of cr v,r , which clearly comes from the cerebrated Takesaki 
duality (see [10, Theorem X.2.3]), and the first crossed product M c := M c xi^.r G is usually 
called the discrete core of M c . The decomposition is unique, see [1, Corollary 4.12]. (Remark 
that our formulation is a little bit different from Connes's, see Theorem 1 (1.4) below, but 
there is obviously no essential difference.) It turns out that the centralizer (M c ) Vc is stably 
isomorphic to the discrete core, that is, 

(M c ) Vc £>B(0 = Af c >4 <TV .rG (4) 

since a v ' r is a minimal action (see e.g. the proof of Lemma 3 below). This fact means that the 
centralizer (M c ) Vc is captured by the discrete core of M c . 

With these preliminary facts we give a description of M xi aV ,r G instead of M c itself. It 
is obviously a discrete decomposition analogue of our old result [12, Theorem 5.1] with extra 
structural fact (1.3) from [14, Theorem 4.1] and [15, Theorem 2.1]. 

Theorem 1. Under the assumptions above we have 

(M x^.r G,E V ) = (Mi X^,r G,E (M 2 \ W ,rG,^), (5) 

where the conditional expectation E v is the restriction of the Fibini map ^®Id to the crossed 
product M x CT ^,r G (C M®B{L 2 {G)) and the E Vi , i = 1,2, are defined just as the restrictions 
of E v to Mi x CT ^,r G (C M x CT ^,r G). Moreover, we have: 

(1.1) C xi G = L(G) = ^°°(r) by e 7 = J G (j,g)X(g) dg < — > S 7 for each 7 G T with the Haar 
probability measure dg. 
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(1.2) M x^.r G is semifinite and possesses a unique faithful normal semiftnite tracial weight 
Tr that satisfies Tr o E v = Tr and Tr(e 7 ) = 7 _1 for every 7 G T. 

(1.3) The central decomposition of M x^.r G becomes a direct sum of infinitely many copies 
of every full matrix algebra summand of Md and the discrete core M c . 

(1.4) The dual action 9 comes from an action on the smallest algebra C x G, which satisfies 
that # 7 (e 7 /) = e 77 / for every 7, 7' G V and Tr o 8 7 = 7 _1 Tr for every 7 G T . 

Proof. Firstly note that (poa^' r = <p for every jeGas remarked before. Hence the conditional 
expectation E v : M x^.r G — > C x G makes sense. Then Eq.(5) follows from the almost trivial 
fact that Mi®B{L 2 {G)) and M 2 (8>-B(L 2 (G)) are freely independent with amalgamation over 
C<S>B(L 2 (G)) with respect to the Fubini map <^®Id, see [13, Proposition 1]. 
The assertion (1.1) is standard. 

Let be the dual weight on M x^.r G constructed out of <p. See [10, Definition X.1.16]. 
Since ip o a^' r = <p> for every g G G, we have, by [10, Theorem X.1.17], o-f(x) = crf(x) for 
every x G M C M x CTV >,r G and af(X(gj) = X(g) for every g G G, where the A(g)'s are the 
canonical unitary representation of G into M x CT45 ,r G. In particular, we get af — AdA(/3(i)) 
for every t G K. This means that the unique non-singular positive self-adjoint operator 
Hr)C x G with A(/3(i)) = H^~^ 1 (t G M) gives a faithful normal semifinite tracial weight 
Tr(-) :=£*-!(-) =lim £N0 ^((ff- 1 /2) £ _ (tf-V2) e ) with (H"V2) e : = ff-V2(i +e ff-i/2)-i, 

e > 0, sec [10, Lemma VIII. 2. 8]. The above formula of erf together with the semifinite- 
ness of the restriction <p fcxiG shows the existence of a faithful normal conditional expecta- 
tion E : M x CTV ,r G — >• C x G. For every continuous function / : G — ► C and for every 
x e M C M x CT „,r G one has <p(E(x) f G f{g)\(g)dg) = <p(J G f{g)x\{g) dg) = p(x)f(e) = 
<p(x)ip(f G f (g)X(g) dg) so that E(x) = (p(x)l = E v (x). It immediately follows that E = E v , 
and hence E v — E preserves the Tr, since (H~ x / 2 ) e G C x G for every e > 0. Notice that 
A(ff)e 7 = I G (li9')K9g')dg' = J G {j,g- 1 g')X(g , )dg / = (%g)e 7 , implying X(g) = EAer(7,5)e 7 
for every g G G. Thus = X0(t)) = E 7£ r<7, P(t))e^ = E 7er 7 v ^ T 'e 7 so that 

H = E 7G r7 e 7- Sincc ( H ~ 1/2 )ee 1 (H- 1 / 2 ) E = (1+ ^- 1/2)2 e 1 for each e > 0, we get Tr(e 7 ) = 

lim eN0 p^H- 1 ' 2 )^!!- 1 ' 2 ),) = lim £N0 (1+E ;_ 1/2)2 y(e 7 ) = 7"V(1) = 7" 1 - Obviously the Tr 
is uniquely determined by Tr o E v = Tr and Tr \cxG- Hence we have obtained the assertion 
(1.2). 

The assertion (1.3) is seen as follow. We have M x^.r G = (M d x„»,r G) © (M c x^.r G) = 
(M d ®^°°(r)) © (M c ^,,r G), where the last isomorphism comes from [10, Theorem X.1.7 (ii)], 
since a^ ,r fixes any element in Z(M) and hence its restriction to Md must be inner for every 
g G G. Then Md ®^°°(r) is a direct sum of infinitely many copies of every full matrix algebra 
summand in Md, and M c x^.r G is already known to be the discrete core of the diffuse factor 
part M c . 

The dual action 9 is constructed by 7 (X(g)) — (j,g)X(g) for every 7 G T and every 
g G G = f . As above X(g) = E 7 'er(7',s) ey so that 9 1 (X(g)) = (7, 5} E 7 'er(V ; 3> e 7 ' = 
E 7 'er(7" 1 7',fl , )e 7 ' = E 7 ' e r(7',s) e 77 ', implying 6> 7 (e 7 /) = e 7 y. We have Tr o 7 (e 7 /) = 
Tr(e 77 ') = 7~ 1 7 , ~ 1 = 7~ 1 Tr(e 7 <), and hence Tr o 6* 7 = 7 _1 Tr, since 9 1 \m= Hm- Therefore, 
we have obtained the assertion (1.4). □ 

The above theorem says that analysis on the discrete core M c or equivalently the central- 
izer (M c ) Vc essentially comes down to that on semifinite tracial amalgamated free products 
over atomic abclian von Neumann algebras. This is very fruitful; in fact, we have the next 
strengthened assertion of [2, Theorem 3]. The proof below is completely independent of [2], 
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but heavily depends on a recent work due to Redclmcier [8] that completes Dykema's program 
of analysis on a certain class of tracial amalgamated free products based on free probability 
machinery. The algorithm to determine explicit algebraic structure in [8] seems complicated, 
but what we actually need here is only that the class "TLi" consisting of all countable direct 
sums of semifinite hyperfinitc von Neumann algebras with separable preduals and/or (possibly 
oo-) amplifications of interpolated free group factors (see [8, §2]) is closed under taking semifi- 
nite tracial amalgamated free products with amalgamation over atomic abelian von Neumann 
subalgebras, since we have already known some details on the structure of M x CT <T,r G. 

Theorem 2. Let Mi , M-i be von Neumann algebras with separable preduals and ip\ , (fi2 be faithful 
normal states on them, respectively. Assume that at least one of the ipi 's is not tracial, and 
further that each (Mi,tfi) is either 

(i) Mi is hyperfinite and ifi arbitrary almost periodic (or tracial); 

(ii) Mi is an amplification of an interpolated free group factor and ipi arbitrary almost 
periodic (or tracial); 

(iii) Mi is a full type III factor with admitting discrete decomposition whose discrete core is 
isomorphic to L(¥ ao ) ® B(£ 2 ) , and fi arbitrary almost periodic; or 

(iv) a countable direct sum of pairs from (i) -(iii) . 

Then the diffuse factor part M c of the free product (M, ip) = (Mi, ipi) * (M2, ^2) is of type III 
and admits discrete decomposition whose discrete core M c = (M c ) Vc (giB(£ 2 ) is stably isomorphic 
toL(¥ cc ). 

The above theorem in particular shows that the class of countable direct sums of hyperfinite 
von Neumann algebras with separable preduals, amplifications of interpolated free group factors 
and/or full type III factors with admitting discrete decomposition whose discrete cores are 
L(¥ OCl ) ®B(l 2 ) is closed under taking free products with respect to arbitrary almost periodic 
states. 

We need a lemma. 

Lemma 3. Let N be a von Neumann algebra and a be a (not necessarily faithful) action on 
N of a compact abelian group G with Haar probability measure dg. Assume that the fixed-point 
algebra N a is irreducible in N, that is, (N a )' n N = C. Then the crossed product N x Q G is a 
(possibly countably infinite) direct sum of amplifications of N a . 

Proof. By [13, Appendix] we have Z(N x a G) = C1n^)C with a certain von Neumann sub- 
algebra C of L(G). Since L(G) = £°°(G), C must be an atomic abelian von Neumann al- 
gebra. Choose each minimal projection z e C . Then one can choose a minimal projection 
e 7 = Jg 7)^(5) dg € C x G = Cljv®i(G) labelled by 7 e G so that e 7 < z. One has 

/ {9i92,l)a gi (x)\(gig 2 )dgidg2 

JGxG 

dgi = E N ^(x)e 1 



/GxG 



G 



G 



for every x G N C N xi Q G, where Epja (— ) = J G u g (—) dg is a unique faithful normal conditional 
expectation from N onto N a . Hence e 7 (Mxi Q ,G)e 7 = N a e 1 = N a is immediate. This argument 
is borrowed from [4, Theorem 3.1]. Hence (N x a G)z is stably isomorphic to e 7 (M x Q G)e 7 = 
N a , since z is the central support of e 7 . □ 

Proof. (Theorem 2) Let us first prove that both Mj x^.r V falls in the class H4 introduced 
in [8]. Firstly, assume that (Mi,ip{) is of the form (i). Since G is abelian, Mi x^.r G must 
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be hyperfinite by Connes's theorem (see e.g [11, Theorem XV. 3. 16]) so that it falls in the class 
IZ4, since we have known that it is semifmite, see Theorem 1. Secondly, assume that (Mj,<^j) 
is of the form (ii). Then of is inner for every ( £ 1, and hence so is cr^ i,r for every g G G 
since Mi is full, that is, Int(Mj) is closed. Therefore, by (the proof of) [1, Lemma 4.2] and 
[10, Theorem X.1.7 (ii)] one has Mj x aVi ,r G ^ Mj ® L(G) Mi®e°°(T), which falls in the 
class IZ4. Thirdly, assume that (Mj,</?j) is of the form (iii). By assumption we may and do 
assume that Mi = (L(¥ cc ) <§> B(l 2 )) x p A with A = Sd(M 4 ) and tr o p x = A _1 tr (A G A), 
where tr is a faithful normal semifmite tracial weight on L(¥ OD ) §> B(l 2 ). We may and do also 
assume that e := 1 <g> e G L(¥ co ) ® B(i 2 ) with minimal e G B(£ 2 ) p takes tr(e) = 1. Let 
E : Mi — > L(¥ oc ) g) B(l 2 ) be the canonical conditional expectation, and set ip := tr o E [ e M;e 
with the above e. By [10, Lemma X.1.13, Theorem X.1.17] one can easily see that ip is extremal 
A-almost periodic and (eMje)^ = L(¥ ao ) ^>Ceo = L(¥ ca ). Since eMje = Mj, we get an 
extremal A-almost periodic state tpio on Mi whose centralizer [Mi) lpm is isomorphic to L(Foo)- 
By definition A must sit in L, and hence (pio is extremal L-almost periodic too. By [1, Lemma 
4.2] and [10, Theorem X.1.7 (ii)] we get Mj x 5 »„r G = Mi ya aV , i0 ,r G, which is a direct sum of 
amplifications of (M i ) CT ''* ' = (Mj) Vi0 = L(¥ oc ) thanks to Lemma 3. Therefore, Mi x aVi ,r G 
falls in the class Finally, assume that (Mj,<^j) is of the form (vi). Clearly Mj y\ aVi ,r G is 
a direct sum of crossed products by G considered above, since each off uT fixes any element of 
Z(Mi). Consequently, Mj xi^.r G falls in the class H4. 

By Theorem 1, Eq.(5), together with the above discussion we observe that M x CT4 =,r G is 
a semifmite tracial amalgamated free product von Neumann algebra of two von Neumann 
algebras in the class IZn with amalgamation over an atomic abelian von Neumann subalgebra, 
and hence Redelmeier's theorem [8, Theorem 4.6] shows that M x^.r G falls again in the class 
IZ4 so that by Theorem 1 (1.3) the discrete core M c is stably isomorphic to either the unique 
hyperfinite type IL factor or an interpolated free group factor. However, we have already known 
that (M c ) Vc has no central sequence as remarked before Theorem 1, and hence by Eq.(4) M c 
must be stably isomorphic to an interpolated free group factor L(¥ r ). By means of discrete 
decomposition the fundamental group of this L(¥ r ) must contain F 7^ {1}, and thus r — 00 by 
the famous dichotomy due to Dykema and Radulescu, see [7, Corollary 4.7]. □ 

The case when one of the i^j's is tracial is important in actual applications of type III free 
product factors. In fact, any free Araki-Woods factor with admitting discrete decomposition 
is of such form ([9]) and also any countable discrete subgroup of R£ can be realized as the 
fundamental group of the centralizer of such a free product factor ([5]). Hence we give another 
corollary which deals with the case when ipi is (non-tracial) almost periodic and (p 2 is tracial. 
The next proposition follows from Dykema's result [3]. 

Proposition 4. (1) Assume that Mi is a type III factor, ipi is extremal almost periodic, M 2 
is either diffuse hyperfinite or a type 11\ factor, and finally ip2 tracial. Then M is a type III 
factor with admitting discrete decomposition, and the centralizer M v of the free product state ip 
is isomorphic to 

(Mi) Vl ★L(Foo) (when M2 is diffuse hyperfinite), 

(Mi) Vl * ^-A- 7e r(M 2 ) 7 ^ (when M 2 is a type Hi factor) 

with F := Sd(M), where (M2) 7 means the ^-amplification of the type II\ factor M 2 . 

(2) Assume that Mi is finite dimensional or atomic type I with at least one type 1^ direct 
summand, ip\ is not tracial (almost periodic), and M 2 is a type Hi factor with tracial <p 2 - Then 
M is a type III factor with admitting discrete decomposition, and the centralizer M v of the free 
product state ip is isomorphic to -k 1 ^r(M 2 ) 1 , where T and (A/2) 7 are as in (1). 
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Proof. (1) By [14, Theorem 4.1] and Theorem 1 M x^.r G is a type IIoo factor and also a 
semifinite tracial amalgamated free product of Mi >J aV1 ,rG and M 2 x a ^ 2 ,r G with amalgamation 
over an atomic abelian von Neumann subalgebra. In this case Mi x <TV2 .r G is nothing but a 
direct sum of infinitely many copies of Mi- Moreover, the point spectrum of the modular 
operator A lpi becomes T (due to the extremality of ip\) and ei(Mi x ffH ,r G)e\ = {Mi) ipi due 
to the proof of Lemma 3. Since X) 7 er T r ( e 7) = S 7 er7 _1 = +°° by Theorem 1 (1.1), the 
desired assertion immediately follows from [3, Corollary 2.2] and its proof (strictly speaking it 
shows only the latter case, but the proof perfectly works for the former too). 

(2) As in the proof of Theorem 2 one can see that Mi x^^.r G = Mi®t°°(T) : an multimatrix 
algebra. Moreover, Theorem 1 and e.g. [16, Theorem 4.3 (1)] show that Z(M\ x^^.r G) fl (C x 
G) = C, since M x^.r G has been known to be a factor. Hence [3, Corollary 3.2 (B)] can be 
applied to M x^.r G. However one needs to confirm one of the conditions (i)-(iii) there. To 
do so one needs to look at Mi x^^.r G D C x G and the Tr constructed in Theorem 1 (1.1) in 
detail. Write M x = J2k>i and for each k > 1 one can choose a complete set of minimal 

projections fki,fk2, • ■ • S -B('Hfc) C Mi and a decreasing sequence jki = 1 > 7fc2 > • • • > in 
r so that the density matrix of tp\ \ B(u k ) is diagonalized as Ck Ylj>i Ikjfkj- Then the bijective 
*-homomorphism Mi x aV1 ,r G = Mi <g> L{G) is given by sending x E Mi C Mi x aV1 ,r G and 
X(g) to a;® 1 and 11(g)® \ g with u(g) = J2k>i J2 3 >i{lkj,g)fkj, where the A 9 , g E G, denote the 
(left) regular representation of G on L 2 (G). Hence e 7 E C x G C Mi x^^.r G is transformed 
to p 7 := J2k>i Si>i fkj ® fi-y-i-v e ^fi ®^°°(r), 7 £ T, and the Tr to the trace Tr determined 
by Tr (/ fej ®<5 7 ) = Tr (/ fej <8> 1 ■p lkjl )(= Tr(E Vl (f kj )e lkjl ) = c fe 7 fej Tr(e 7fe . 7 ) ) = c fe / 7 for 
every (fc, j) and every 7 e F, where the S 7 , 7 <E T, are the canonical minimal projections of 
^°°(r). Assume first that Mi is finite dimensional, that is, 1 < j < dk := dim(Hfe) < 00 
and 1 < fc < n. Then any minimal subprojection, say q, in Mi of e 7 has Tr(g) > S/j with 
(5 := min{cfc 7/ tj 1 1 < j < dk, 1 < k < n} > 0, and hence the condition (ii) in [3, Corollary 
3.2 (B)] certainly holds. Assume next that Mi has a type 1^ direct summand. In the case we 
may and do assume that dim(Hi) = 00, and the 711 = 1 > 712 > • • • contain infinitely many 
different positive real numbers 71^ ^ 71 j 2 ^ ■ • ■ . For each 71 j i one observes that /n <g> 5\(< pi) 
is equivalent (in Mi ®£°°(T)) to fij i <g>6\(< p 7l .. ) and moreover that Tro(/n <8><^i) = c\. Hence 
the condition (ii) in [3, Corollary 3.2 (B)] trivially holds. □ 

The above assertion (2) is enough in practice, but it probably holds even when Mi is an 
arbitrary atomic type I von Neumann algebra. To prove in such a generality it seems to be a 
key how to find a suitable enumeration on each /„ (see the Appendix for this '/„') together 
with a minimal subprojection of each ■p 1 (7 E T \ {1}) that plays a role of 'e TO ' in the proof of [3, 
Proposition 3.1]. This is suggested by the following affirmative example: Mi = J2k>i ^(C) 
and the density matrix of the restriction of <pi to each fc-th M 2 (C) is 2 fc(i+ 7 fc) ( e n + 7^22) 
(0 < 7 < 1) with standard matrix units in M2(C). 

Let F be an arbitrary countable subgroup of M*,, and enumerate {71,72, . . . } = T fl (0, 1). 
Consider Mi := B(£ 2 ) © J2k>2 ^(C) and the state ipi is given by the density matrix: 



with standard matrix units e-j^ in B(£ 2 ) and e\9 in M 2 (C). Then the pair (Mi, ipi) fulfills the 
requirement of the above assertion (2), and thus the centralizer of the resulting free product 
state is -A- 7er (M 2 ) 7 . This explains a relationship between [6, Corollary 6.5 (4)] and [5, Theorem 
5.10]. 
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3. Appendix 



We used [3, Corollary 3.2], a corollary of Proposition 3.1 there, in the proof of Proposition 
4 (2) above, but that proposition 3.1 needs the following (*): 'For every m £ I \ {1}, there 
exists a minimal projection e m in A such that e m < pi + ■ ■ ■ + p m -i and e m is equivalent 
to a subprojection of p m ' with the notations there. Such e m does not exist for an arbitrary 
enumeration (or ordering by natural numbers) on {pi}iei, and it seems not so easy in general to 
choose a special enumeration on {pt}i^i for which (*) holds, when / is infinite. For the reader's 
convenience we explain how to avoid (*) as follows. In what follows we follow the notations in 



Lemma 5. Fix a distinguished element o G I. Define Iq := {o}, I\ := {i G I \ Iq \ p(0)Api ^ 
{0}} with p(0) := p and inductively I n+ \ := {i G I \ U"=o ^ s \p{ n )Api ^ {0}} with p(n) := 
ELo E ie / 3 Pi- Then 1 = U„eNo 7 ™' a dis i° int union. 

Proof. Set loo := U™eN 7 ™' P : = Eie/^ Pi and 1 '■= E l£ /\/ 00 Pi- Clearly p^O, and by the 
construction of the I„'s and p(n)'s we have p(n)Api = {0} for every i G I\Ioo- Since p(n) /• p 
as n — >■ oo, we conclude that pApi = {0} for every i G I \Ioo- Similarly we have pAq = {0}, 
implying ca(p)ca (?) = 0. Since p + q = 1, p < ca{p), q < ca{q) and ca(j>)ca{i) = 0, we observe 
that p = c^p), q — CA{q) G £> n Z(A) = C, and hence q — 0, implying I = 1^. □ 

The decomposition / = UneN ^ s use d, and the new well-ordering on / is made in such 
a way that every /„ is {(n, 1), (n, 2), . . . } and that {n\, mi) < (n2, 7712) is defined by n\ < 
or ni = n 2 and mi < m 2 . (Note that if all I„'s are finite sets, our ordering can become a 
desired choice of enumeration on / with (*), and thus the proof of [3, Proposition 3.1] works 
just as it is.) With this new ordering and replacing pi by P(o.i) = p{0) = Po the same argument 
as in [3, Proposition 3.1] still essentially works with reading the 'm' and 'm + 1' there as 
(n,m), (n, m + 1) G I n , respectively, since the same assertion (*) holds for our new ordering. 
To be more precise the following slight modifications are necessary: With identifying 1 = (0, 1), 
m = (n,m) and m + 1 = (n,m + 1) we follow the proof of [3, Proposition 3.1] for a while. 
For each k G K^J one can find (k) G / with (k) < m in such a way that v'^Vk < P(k) ■ 
By the same argument there, we get [3, Eq.(ll)] with replacing p[i. m ], V(m) and /3[l,m] by 
P{i,(fc(0)>} ■= Pi+P{k{0)),P{i.Xk(0))}V{m)p {1 ^ k{ia)) } and /3(l) + /3((fc(0))), respectively, and hence 



Similarly, one has [3, Eq.(12)] with replacing P[i, TO ] and/3[l,m] by Pi+P(k(i)) an d (3(l)+f3({k(i))), 
respectively, and thus 

PilZ^p! -A- piU{i - l)pi * j L(F (q(i)//3(1)) 2). 

These two isomorphisms immediately give [3, Eq.(14)]. In this way, one can avoid the use 
of '/3[0,m]' which may become +oo in our ordering. Set V n := q n Q V q n Aq n with q n := 

J2i<( n ,i) Pi = Y^e=o Hieh Pii n =^^, By taking the inductive limit as m -> oo on J„ we 

get, with our notations, 



where r n := Eie/J/ 3 ^) 2 ~ l{i? ~ J2 je .h with J ° : = {•?' e J I 9jPo ^ 0}, J, := {j G 



J | </jPi 7^ 0, f/jPi' = (i' < i)} (i E I \ {o}). Since the Vn's generate the whole V as a von 



[3, §3]. 
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Neumann algebra, by taking the inductive limit as n — > oo one gets the desired formula: 
PoVpo = Q(o) * L(F r ) * (* ieA{o} [Jt4, Q(i) 44 1 ) 

with r = ^((/?(o) 2 - E j6Jo "C?) 2 ) + E ieA{o} (/3(0 2 - 7« 2 - £ j6Jl «C?) 2 ))- ^ this way, 
the argument of [3, Proposition 3.1] still works without using (*). 
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